In this letter we derive a new method for direct calculation of the modal contributions to thermal conductivity, which is termed Green-Kubo modal analysis (GKMA). The GKMA method combines the lattice dynamics formalism with the Green-Kubo formula for thermal conductivity, such that the thermal conductivity becomes a direct summation of modal contributions, where one need not define the phonon velocity. As a result the GKMA method can be applied to any material/group of atoms where the atoms vibrate around stable equilibrium positions, which includes not only crystalline line compounds, but also random alloys, amorphous materials and even molecules. By using molecular dynamics simulations to obtain the time history of each mode's contribution to the heat current, one naturally includes anharmonicity to full order and can obtain insight into the interactions between different modes through the cross-correlations. As an example, we applied the GMKA method to crystalline and amorphous silicon and because the modal contributions at each frequency result from the analysis, one can then apply a quantum correction to the mode heat capacity to predict the thermal conductivity at essentially any temperature. The temperature dependent thermal conductivity for amorphous silicon, computed using quantum corrected GKMA results, shows the best agreement with experiment to date and serves as a validation of the formalism. The GKMA method provides new insight into the nature of phonon transport, as it casts the problem in terms of modemode correlation instead of scattering, and provides a general unified formalism that can be used to understand phonon-phonon interactions in essentially any class of materials or structures where the atoms vibrate around stable equilibrium sites.
Despite these concerns, to date, the A-F model has offered one of the best explanations for the thermal conductivity of amorphous silicon [14, 15] .
Towards the goal of incorporating temperature dependent anharmonicity to full order, we present such a formalism termed the Green-Kubo mode analysis (GKMA) method, as it is a combination of Green-Kubo and the normal mode analysis method. Following lattice dynamics formulism, we first examine the meaning of the reverse transformation from normal mode coordinates back to individual atom coordinates, where the normal mode amplitudes are calculated from,
and
the displacement and velocity of each atom x and ! x can be obtained from the normal mode coordinates via,
In Eqs.
(1-4) n denotes the mode (e.g., the n th solution to the equations of motion), m j is the mass of the j th atom, and (n) j p is the polarization vector which gives the relative magnitude and direction of motion for atom j in mode n . Equations (1-4) are not new and are well established within the context of the LD formalism [21] .
The critical enabling insight offered herein is the physical meaning associated with Eqs. (3) and (4) . Here, we postulated that Eqs. (3) and (4) essentially state that at every instant, each atom's position and velocity are composed of their respective contributions from the different collective vibrations in the system. Thus, every atom's position and velocity are dictated by the respective magnitudes of each normal mode's amplitude (n) j X and its time derivative ! X j (n) . By thinking of each atom's position and velocity as being composed of an exact sum of modal contributions at every instant, it was then postulated that if an individual mode's contribution to the displacement or velocity of an atom is used in an expression for the calculation of any other property that depends on that atom's position and/or velocity, one would subsequently obtain that mode's contribution to that property. For example, one could calculate each mode's contribution to the temperature of the system as discussed in the supplementary materials. Similarly, towards the calculation of thermal conductivity, the modal contributions to the velocity of each atom can be substituted into the heat flux operator derived by Hardy [22] , to obtain each mode's contribution to the volume averaged heat flux at each time step in a EMD simulation,
where
is the sum of potential and kinetic energy of atom i, V is the volume of the supercell, Φ j is the potential energy of atom j, and r ij is the distance between atom i and atom j.
We can then take this expression and substitute it directly into the Green-Kubo expression for thermal conductivity, to obtain an equation that expresses the thermal conductivity as a direct summation over individual mode contributions,
Furthermore, one can also substitute the summation of modal contributions to the heat flux in both places of the heat flux autocorrelation to obtain the thermal conductivity as a double summation over individual mode-mode heat flux correlation functions,
Equations (6) and (7) are the primary results termed the GKMA method, which now allows us to obtain each mode's contribution to the total thermal conductivity, and we are guaranteed by Eq. (4) that the summation in Eqs (6) and (7) will exactly recover the total GK thermal conductivity. Also, Eq. (7) allows one to examine how the correlation between pairs of modes contributes to thermal conductivity. The predominant viewpoint of phonon-phonon interactions is based on the PGM and is thought of in the context of scattering. However, in the GK formalism thermal conductivity arises from correlation [23] , which is a fundamentally different way of viewing the physics. One would definitely expect that there is a strong connection between the two viewpoints, especially in the context of crystalline materials. However, it is important to appreciate that the GK representation of each mode's contribution to thermal conductivity through correlation is in and of it complete and does not require validation or correspondence to the prevailing PGM paradigm based on scattering. From this perspective, one can plot the magnitude of the individual terms in the double summation in Eq. (7) as elements of a 2D matrix, whereby the magnitude of the element represents the extent of correlation between modes. We postulate that a strong mode-mode correlation suggests the two modes somehow interact strongly, frequently or for long periods of time and possibly in collaboration with other modes.
Another useful feature of the GKMA method is that one can reduce the computational cost by combining any desired group of modes together to calculate the summed contribution of their combined heat flux at one time, which mitigates the need to separately output and store the heat flux associated with each mode. The details are discussed in the supplementary materials.
Aside from these benefits the main power of the GKMA method (e.g., Eqs. (6) and (7)) is that it now allows for calculation of the eigen mode contributions to thermal conductivity directly without the need to define a phonon velocity. This is a critical issue for situations where the PGM becomes questionable, such as for disordered materials. With the GKMA method, however, it is now possible to calculate the thermal conductivity contributions of individual modes for any arbitrary collection of atoms, as long as they vibrate around stable equilibrium sites.
The key question is whether or not the fundamental postulate by which the GKMA method is based on is in fact correct; specifically, is it true that the individual terms of the sum in Eq. (6) correspond to the actual modal contributions to thermal conductivity? To answer this question we compared this interpretation of the GKMA results with other well established methods for crystalline silicon, since it has been studied extensively [2, 3, 7] . Figure 1(a) shows the thermal conductivity accumulation for silicon using Eq. (6), which is in agreement with previous work [7] using the environment dependent interatomic potential (EDIP) [24] as well as first principles calculations density functional theory (DFT) [3] . As both EDIP and Tersoff are a short ranged empirical potentials [25] the agreement between them is better than with DFT, which includes longer ranged interactions and is more accurate. The simulation details are given in the supplementary information. Figure 1(b) shows the contributions of different polarizations to the total thermal conductivity, which is also consistent with the other two methods. This correspondence serves as validation that Eqs. (6) and (7) do in fact correspond to the thermal conductivity contributions associated with a given mode.
Based on this initial validation, we applied the GKMA method to a-Si, which is a system that cannot be well described by previous methods. The IPR indicates the extent to which a mode is localized and does not involve all of the atoms in the system as a widespread collective vibration. Propagons and diffusons are delocalized and therefore have small IPR. Locons, on the other hand, are localized vibrations and therefore exhibit high IPR, which in Fig. 2(a) manifests at the higher frequencies.
We then applied the GKMA to analyze the modal contributions to thermal conductivity in a-Si for all modes where propagons, diffusons and locons are all treated the same way via Eq. (7). The normalized thermal conductivity accumulation function vs. phonon frequency for a-Si is shown in Fig. 2 (c) . For comparison, the accumulation from the A-F method is also shown, which was calculated using the implementation in the General Utility Lattice Program (GULP) [26] .
In Fig. 2(c) , the GKMA result, which includes all degrees of anharmonicity, predicts a similar trend as the A-F result at room temperature, which did not include anharmonicity. At first this might seem to suggest that anharmonicity is not important. However, examination of the 2D cross-correlation terms (e.g., Eq. (7)) shown in Fig.  3 , indicates that there is significant correlation between modes with different frequencies. The harmonic A-F model, on the other hand, would only predict diagonal terms, and all off diagonal terms should be zero, due to the presence of the delta function δ (ω i − ω j ) in their derivation [14] . Figure 3(a) shows the mode-mode cross correlations. The diagonal terms are the largest, but they only account for ~ 70% of the total thermal conductivity at room temperature. Therefore cross-correlations, which arise due to anharmonicity, are responsible for approximately 30% of the thermal conductivity. What is also remarkable about the result in Fig. 3 is the fact that there is a distinct change in the magnitude of the correlations around 16 THz. This transition coincides with the transition to localized modes (e.g., locons -see Fig. 3 ).
Here it is important to note that no information regarding the nature of the modes (e.g., propagon, diffuson, or locon) was used to generate Fig. 3 . Every mode in Fig. 3 was treated identically and no filtering was used to highlight the feature at 16 THz. Instead, a natural feature in the mode-mode correlations arises at the frequency where the mode character switches from spatially delocalized to localized. In Figs. 3(b) and (c) we have filtered out the auto-correlations (cross-correlations only) and crosscorrelations (auto-correlations only) respectively to make the features more clear. Figure 3(c) shows that the locons do not have strong auto-correlations and the accumulation in Fig. 2(c) is consistent with previous assertions that locons exhibit a negligibly small contribution to thermal conductivity. One result of the A-F analysis is that the correlations between modes (e.g., interactions) should be most significant when the frequency of two modes is close. However, using the GKMA approach, Fig.  3(b) suggests that interactions between modes of many different frequencies can all interact, as there is no obvious increase as one approaches the diagonal. It is interesting to note, nonetheless, that despite these differences, both GKMA and the A-F model yield a similar normalized accumulation plot (see Fig. 2(c) ). The same mapping of mode-mode correlations for c-Si is presented in the supplementary materials.
In comparing the magnitudes of thermal conductivity values produced by GKMA and the A-F method, the A-F result underestimated the total thermal conductivity of amorphous silicon by 30% at 300K. Here the most relevant experimental result is taken to be the measurements of Cahill et al. [27] , which included the minimum hydrogen concentration (1%). Since the GKMA method allows us to determine the thermal conductivity accumulation with respect to phonon frequency, we can apply a quantum correction to the classical MD GKMA results at different temperatures and compare to the experimental data at all temperatures. The underlying assumption in doing so is that the only aspect of the problem MD cannot capture is the quantum effect on the specific heat. Applying a quantum correction to low temperature MD data, assumes that somehow the mode-mode interactions are still modeled correctly, despite the fact that the mode amplitudes/occupations are incorrect. Here, we test this assumption by applying a quantum correction to the GKMA results, which only imparts a correction to the specific heat component of each mode's thermal conductivity contribution via the ratio of the quantum expression for the volumetric specific heat [1] and the classical expression for the volumetric specific heat. See Eq. (S5) in supplementary materials. Figure 4 (c) shows a comparison of the quantum corrected thermal conductivity using GKMA as compared to experiments, which shows best agreement of all work to date [14, 27, 29] . The GKMA results in Fig. 4 (c) were generated by a linear interpolation of the normalized thermal conductivity accumulation functions at 100K, 300K, and 800K. The un-normalized accumulations at each temperature are shown in Fig. 4(a) and (b) , which indicates that a significant shift in the contributions occurs at lower temperatures. The fact that the non-quantum corrected MD result increases at lower temperatures shows that in order to obtain the correct temperature dependence, the frequency dependence must be obtained from GKMA first, so that the quantum correction can correctly scale each mode's contribution. At lower temperatures, the quantum correction nullifies the higher frequency contributions. However, it is still important to correctly calculate seemingly over predicted values with MD for the lower frequencies, which when quantum corrected exhibit excellent agreement with the experimental data [27] .
In this letter we proposed a new method for calculating the modal contributions to thermal conductivity termed the GKMA method. We validated the fundamental postulate that the GKMA method is based on, by calculating the thermal conductivity of crystalline silicon, which showed good agreement with previous methods. We then applied the GKMA method to a-Si and obtained excellent agreement with experimental data, better than any previous model for a-Si. The major advantage of the GKMA method is that it can be applied systems where phonon velocities are not well defined and application of the PGM becomes questionable. 
